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Abstract. Based on strict physical background, we present in this contribution a practically
applicable method that can be used to improve the quality of 3D reconstructucted ultrasonic
images by refraining from the linear propagation paths of the ultrasonic rays exclusively used
in applications so far. Beside this main result, an estimate of the error that is introduced by
using the straight rays is given.

1

Introduction

In transmissive ultrasonic computed tomography (USCT), a high number of transducers (transmitting and/or receiving) surrounding the imaged object provide huge amount of data based on
received signals, from which the 3D internal structure of the object is to be reconstructed. In
such setups, many different types of measurement can be performed: speed of sound (SOS)
measurements [1] based on time of the flight (TOF) of the signals, attenuation mapping [2] and
Doppler measurements [3] among others.
Of our interest is the SOS mapping [4]. The so far used reconstruction methods are, basically,
using the straight-ray approximation of the ultrasound propagation, which is obviously rather
rough. This contribution aims at improving the reconstructions by introducing a physically
based higher order model of ultrasound propagation (here however, in contrast to direct forward
simulation, [5]-[8], chosen as simple as possible in order to keep the reconstruction efforts
reasonable).

Fig. 1: The USCT experimental setup as developed in KIT, Germany. a) the tank with protrusions to be sealed by individual TASes, b) a TAS.
The experimental setup of a 3D USCT system is being developed [9] at Karslruhe Institute
of Technology (KIT), Germany (see Fig. 1). The model that we use is the generation I type,
with cylindrical tank of 180 mm diameter and height of 140 mm. The tank is equipped with 3
rotatable rings containing 16 transducer arrays (TASes) each. Every TAS consists of 8 groups,
each group having a square configuration of 1 sender (in the centre) and 4 receivers (in the
corners). In this way, 384 senders and 1536 receivers are present. The rings can be turned
an fixed in six different positions, giving a maximum number of 3 538 944 sender-receiver
combinations for the measurement.
For a sample with known configuration we can construct a precise geometrical model of the
acquisition setup and obtain the rays (in contrast to full direct simulation of the US field, using
a Zoeppritz-type equivalent [10] of Snell’s law is usually sufficient for simple configurations),
see Fig 2. Such a model yields in both a qualitative and quantitative ways - in shape as well as
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Fig. 2: The geometrical model for the simulated configuration with three selected rays. The
outer ring has diameter of 180 mm, the inner one of 64 mm; for further details see below.
in the TOF - the difference between the true rays and the straight ones ususally considered in
projections.
Ray TOF, true ray TOF, straight ray difference
A
0.119060 ms
0.119919 ms
0.859 µs
B
0.117401 ms
0.118144 ms
0.743 µs
C
0.114875 ms
0.115396 ms
0.521 µs
Tab. 1: TOF for true and straight rays in geometrical configuration
In Tab. 1 the values for TOF are given for several rays of a chosen geometry. Note that the
differences in TOF are markable - with real USCT sampling frequency of 10 MHz it gives up to
more than 8 samples difference in TOF. The correction to true rays is, hence, of prime interest
if we want to reach the subwavelength resolution needed for tomographic imaging. Otherwise
these errors will contribute significantly to overall image blurring during reconstruction.

2

Methods

Concerning the values of action S for individual physical systems, the variational principle can
be in the case of rays in general medium shown to require the path integral
Z

nds

to take stationary values, bringing thus Fermat’s principle in terms of extremal optical path
nds into action. The ratio n = c/v of the two (phase) speeds of propagation of the waves
is the index of refraction with c being the speed in some reference medium (e.g. for light,
vacuum is usually taken as a reference). Note that n(~x) is generally not a constant as the speed
of propagation v in the selected (possibly nonhomogeneous) medium changes from place to
place.
It can be shown, that the integral formulation above has a differential equivalent, namely the
differential equation of rays [11],
d
d~x
n
ds
ds

ISSN 1211-412X

!

415

~
= ∇n.

(1)

Analysis of Biomedical Signals and Images; 20: 414-419

BIOSIGNAL 2010
Realizing that nds = cdt we can write the last equation in a slightly different form,
d
dt

1 d~x
v 2 dt

!

=−

~
∇v
,
v

(2)

which is directly usable for the ultrasound propagation calculations, if treated correctly: although the speed v(t) is of course just the magnitude of the local velocity |d~x/dt| of the waves,
in (2), v(~x) must be treated as a given external quantity (coming from the SOS measurements),
which will determine the unknown components of the velocity vector ~v ≡ d~x/dt. This attitude
is mathematically justified by the fact, that knowing the measured distribution of speed v(~x)
gives by itself no information on v(t); for this purpose the trajectories ~x(t) are needed, which
are obtained only after solving (2).
Carrying out the operations indicated in (2), final equations to be solved are obtained; in our
case (of two dimensions), the set
∂v
~ · ~x˙ )ẋ
+ 2(∇v
−v 2
dẋ
∂x
=
dt
v
∂v
~ · ~x˙ )ẏ
+ 2(∇v
−v 2
dẏ
∂y
=
dt
v

(3)

evolves the velocity components ẋ, ẏ from their starting values.
The consistency must only
q
2
be preserved by a correct choice of the initial conditions: ẋ (0) + ẏ 2 (0) = v(x(0), y(0)) is
required. In other words, the magnitude of chosen initial velocity components must coincide in
the chosen starting point with the measured speed v(~x) in that point.
For the purpose of verification of the presented method we give below (see Fig. 3) the results
of simulation with artificially selected configuration. With regard to size and discrete character
of the measured SOS data to be processed we have chosen a map of 22 cm x 22 cm sampled
with 128 pixels in each of dimensions (ie. with resolution of approx. 1.64 mm/pixel) with
radial distribution of propagation speed, centered within the image with value 1500 m/s and
rising linearly with distance towards the edges of the image to maximal value of 2405 m/s (in
the corners). The time step of 1 µs was chosen for the simulation with total time simulated of
0.14 ms.
Note in Fig 3, panel b), that the simulated velocity components indeed fulfill the requirement
that their magnitude in every instant of time must agree with the input SOS values. This agreement (the step form of the SOS values is given by the chosen SOS map resolution) was reached
by only setting these components properly in the first step of integration, as described above.

3

Results

The procedure suggested here consists in calculating the best possible classical reconstruction [12] (possibly with synthetic aperture focusing on the sides of both sender and receiver by
combining more transducers) adopted with suitable regularization [13] followed by the calculation of the rays for this SOS map according to eq. (3), see Fig. 4. Subsequently, one can directly
compare the differences of this solution to the one for true rays from the geometrical model of
the acquisition system (see Tab. 1). In addition, the straight rays TOF can be computed from
the SOS map, [14].
In the real measurement carried out with the USCT equipment a gelatine phantom of 64 mm
diameter submerged in water was used. The temperature of water during measurement was 23.5
◦
C to 24.1 ◦ C, bringing theoretical speeds of ultrasoundsound of 1492.6 m/s to 1494.3 m/s. As
for the phantom, 60 g of gelatine was used for 0.5 l of water (50 g of gelatine for 0.5 l water
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Fig. 3: The results for simulation of ray propagation in artificial configuration. a) the speed of
propagation ranging from 1500 m/s to 2405 m/s; the pixels hit by simulated ray are marked. b)
a comparison of calculated propagation speed (blue) to input SOS data (red).
gives theoraetical speed of propagation 1530 m/s). The configuration was measured and the
SOS map was reconstructed over grid of 64 x 64 pixels using the straight rays approximation
as usual. For the results of the subsequent direct simulation, see Fig. 4; the ray depicted is the
B ray from Fig. 2.

Fig. 4: The results for real phantom simulation of ray propagation. a) the reconstructed SOS
map with the pixels hit by simulated ray are marked. b) calculated propagation speed along the
simulated ray (blue); again, with input SOS data check (red).
A comparison of the length and TOF of true rays, eq. (3), and straight rays, both calculated
from this SOS map, are given in Tab. 2.
The presented method gives us also a readable estimate of the error, that is introduced by using of straight rays during reconstruction. Looking to the Tab. 1, there is approximately 0.75 µs
of average difference between bent and straight rays TOF. Having the speeds of propagations
approx. from 1493 m/s to 1530 m/s, this gives the length of 1.12 mm to 1.14 mm for an extra
path that the faster rays have covered. More precisely, a mean TOF difference can be calculated
from all the rays used in reconstruction. Subsequently, in all points of the reconstructed SOS
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quantity
TOF
ray length
true ray
0.11400 ms 171.111 mm
straight ray 0.11405 ms 171.110 mm
Tab. 2: Length and TOF for true and straight rays as calculated from SOS map.

map an error can be prescribed coming from their reconstructed values of speed and average
TOF difference. In this way, all structures obtained in the reconstruction can be equipped with
error estimate in their positions.

4

Discussion

From the results given in previous sections it can be seen, that the two type of rays calculated
from SOS map differ each from other much less than their equivalents in precise geometrical
model do. This behavior, potentially surprising at first sight, has, however, a good explanation. The problem of the SOS map is the low resolution achievable by current reconstruction
algorithms to remain computationally feasible. As a result, the SOS map is smeared in a very
smooth manner. The rays in simulation, hence, do not pass sharp edges and have thus no reason
to deviate significantly from the stright tajectories. On the other hand, the precise geometrical
model (which is reflecting closely the real experiment conditions) contains steep edges of the
index of refraction distrubution and the differences between true and straight rays get much
greater.
This confirms that for the improved reconstruction much denser sampling of the calculated
volume must be applied in the future. Apart from computational issues during reconstruction
(which will be solved by improvement of computer hardware) the great issue in the higher
density reconstructions is the regularisation, which must be applied in a heuristic way to balance
the contrast improvement and numeric artefact production in the SOS maps.
As the need of regularisation is given by straight rays reconstruction, it can be strongly
diminished when using the more proper modelling covering the bent rays as we suggest here.
The effect of employing our procedure is thus two-fold: both the resolution can be increased
and non-naturaly strong regularisations can be omitted.
Moreover, even if utilising eq. (3) was considered too complicated for the purpose of the
direct reconstruction (the projection concept of reconstruction using straight rays avoids the
usage of differential equations and remains an algebraic problem), still it can be used both for
checking whether premises of the classical reconstruction were valid in a particular case and
also, which is of even more importance, for increasing the precision of the reconstruction, by
including a step subsequent to the classical treatment. Presently, the reconstruction algorithm
based utilising of this idea is being implemented.

5

Conclusions

In the presented contribution we directly and quantitatively deduce the differences both in
TOF and in geometrical deviations of the ultrasonic rays trajectories. Based on these results, we
provide a lower bound estimate (based on the TOF error) of the blurring of the back-projected
image due to the imprecision of the straight rays approximation in classical reconstruction
formalism.
Extending our previous work [14], we provide all the steps necessary for judging a particular
classical reconstruction acceptability (in sense of sufficiency of the straight-rays approximation) via the TOF error estimate in the SOS map. Furthermore, even for images justly reconstructed using straight rays, it is intended that the results can be used for refining the original
resolution of the SOS map. This is of great interest because the improved SOS map would
(unlike upon simple resampling) contain new, and in this case even truly physically justified,
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information.
Of course, using the true rays can not improve reconstructed images past some level, in our
case given by diffraction, especially in places where the ultrasonic field impinges the interfaces
at oblique angles. However, the bent rays utilisation that we suggest is only the first step towards
full direct simulations, that account even for diffraction. The advantage of the presented attitude
in comparison with the extremely demanding full simulations is that one can decide what level
of approximation to take with respect to the computational resources available.
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Jiřík R., Peterlík I et al, 2009 IEEE International Ultrasonics Symposium, Roma 2009
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